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INTRODUCTION
Let K be a field. Denote M as the matrix algebra of order two over K,2
and sl as the Lie algebra of all traceless matrices in M . Polynomial2 2
identities in the algebras M and sl have been objects of extensive2 2
studies. Thus for example when the characteristic of the field K equals
zero, Yu. P. Razmyslov found finite bases of identities for M and for sl2 2
w x w x w x15 . Consequently V. Drensky 5 , and V. T. Fillipov 10 described the
w xminimal bases of identities for these algebras. V. N. Latyshev 12 proved
that the variety of associative algebras var M generated by the algebra M2 2
w xis Spechtian. The analogous result for sl was obtained in 15 .2
The situation becomes rather unclear in the case char K ) 0. M. R.
w xVaughan-Lee 17 proved that M considered as a Lie algebra over a field2
of characteristic two does not have any finite basis of identities. S. Yu.
w xVasilovskii 18 obtained that over any infinite field K, char K / 2, the
polynomial identities for the Lie algebra sl follow from the single identity2
w w x x w w x x w xy, z, t, x , x q y, x, z, x , t s 0. Here a, b s ab y ba is the commu-
w x www x x xtator of a and b, and a, b, c, d s a, b , c , d .
The weak polynomial identities played an important role in these
w xinvestigations. They were introduced in 15 . Consequently they proved an
essential tool in the study of the identities for associative, Lie, and Jordan
 w x.algebras see, e.g., 6, 8, 9, 11, 13, 16, 18, 19 .
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The main goal of the present paper is to find a basis for the weak
polynomial identities for the algebra sl when K is an infinite field, and2
char K ) 2. We remind the reader that the associative polynomial
 .  .f x , . . . , x is a weak identity for sl if f a , . . . , a s 0 for arbitrary1 n 2 1 n
a , . . . , a g sl . We shall prove that all these identities follow from the1 n 2
w x  . .single identity x( y, z s 0 where x( y s 1r2 xy q yx .
w xIn the case char K s 0 this result was obtained in 15 . Let us mention
w xthat V. Drensky 7 considered the case when K is an infinite field of
characteristic two. He proved that all weak identities for sl follow from2
the identities
w xx , y , z s 0
and
w x w x w x w x w x w xx , x x , x q x , x x , x q x , x x , x s 0.1 2 3 4 1 3 2 4 1 4 2 3
 .Note that bases for the weak multilinear identities in the pair M , sl2 2
w x w xwere found in the papers 1 when char K s 2, and in 2 when char K ) 2.
Our approach is combinatorial. We make use of the methods introduced
w x w xin 4, 3 , and then developed in 18, 19 .
1. PRELIMINARIES
Throughout the paper K is an infinite field, char K / 2. All algebras
 .associative and Lie and all vector spaces are over K. We denote M and2
sl as the associative matrix algebra of order two, and the Lie algebra of2
the traceless matrices of order two, respectively.
1.1. Weak Polynomial Identities
 4  .Let X s x , x , . . . be a countable set of symbols. Denote A X as the1 2
free associative algebra freely generated by the set X over K. We call the
 . w x  .elements of A X polynomials. Let a, b s ab y ba and a( b s 1r2 ab
.  .q ba be the commutator and the Jordan product of a, b g A X , respec-
w xtively. We assume that all commutators are left normed, i.e., a, b, c s
ww x x  .a, b , c . Let L X be the free Lie algebra freely generated by the set X.
 .Then L X can be viewed as the subalgebra of the adjoint Lie algebra of
 .  .  .A X generated by the set X. We assume that L X is a subset of A X .
Let R be an associative algebra, and S a vector subspace such that S
 .  .generates the algebra R. The polynomial f x , . . . , x g A X is called a1 n
 .  .weak polynomial identity for the pair R, S if f s , . . . , s s 0 for every1 n
 .  .s , . . . , s g S. All weak identities for the pair R, S form an ideal T R, S1 n
 .in A X .
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 .Assume that V : A X is a nonempty set of polynomials such that
 .  .v s , . . . , s g S for every choice of s , . . . , s g S, and v x , . . . , x g V.1 n 1 n 1 n
 .The weak identity g x , . . . , x is called an V-consequence of1 m
 .  .  .f x , . . . , x g A X if g lies in the ideal of A X generated by the set1 n
f v , . . . , v v , . . . , v g V . 4 .1 n 1 n
Depending on the properties of the space S one can choose various sets
 w x.V. Thus one defines various ideals of weak identities see, e.g., 8 . For
 .example, if R s S and V s A X then we obtain the ordinary polynomial
identities for R, and the ordinary T-ideals.
w x w xAssume that S, S : S, i.e., a, b g S for every a, b g S. Set V s
 .  .  .L X ; A X . Then one obtains the weak Lie identities for the pair R, S
 w x.see, e.g., 16, Chap. 1 .
 .  .Let V s sp X be the subspace of A X spanned by the set X. If the
 .  .  .polynomial f x , . . . , x g T R, S is a weak identity for the pair R, S1 n
 .  .then f a , . . . , a g T R, S for arbitrary a , . . . , a g V. In other words1 n 1 n
 .  .the ideal T R, S is V-closed. It is well known that A X is isomorphic to
 .the tensor algebra of sp X . Therefore one can define a canonical action
  ..  .  .of the general linear group GL s GL sp X on A X . Then T R, S is a
  . < 4GL-invariant ideal. Let G s g x , . . . , x i g I be a nonempty subseti 1 ni
 .   . <  .4of A X . Then the ideal generated by g v , . . . , v i g I, v g sp Xi 1 n ji
is the GL-ideal generated by G. Its elements are the GL-consequences of
w xG 8 .
 .  .The variety of pairs U s var R, S generated by the pair R, S is
w xdefined in a standard way, see 9 .
 .  .Let T R, S be the ideal of the weak identities for the pair R, S . The
 .  .  .algebra F X s A X rT R, S is called the relati¨ ely free algebra for the
variety of pairs U. Let in addition S be a Lie algebra, and let L X be the .
 .  .  .image of L X under the canonical homomorphism A X ª F X . Then
  . .the pair F X , L X is the relatively free pair in the variety of pairs ``an .
 .associative algebra}a Lie algebra'' var R, S . Analogously when S is a
subspace of R the relatively free pair in the variety of pairs ``an associative
 .   . .algebra}a vector space'' var R, S is the pair F X , sp X . .
 .The field K is infinite. Therefore every weak identity is equivalent to
 .the collection of weak identities obtained by its multihomogeneous
w xcomponents 20, Corollary 1.3.2 . Hence we can consider multihomoge-
neous identities only.
1.2. In¨ariants and Double Tableaux
Let x , i s 1, 2, . . . , j s 1, 2, . . . , n be commuting variables, and seti j
 .x s x , . . . , x . The vector space V spanned by the vectors x over Ki i1 in i
can be equipped with a nondegenerate symmetric bilinear form setting
x ( x s x x q ??? qx x .i j i1 j1 in jn
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w .x wA basis of the polynomial algebra R s K x ( x was described in 3,i j
xSect. 5 . Let
p p . . . p q q . . . q11 12 1m 11 12 1m1 1
p p . . . p q q . . . qT s 1 .21 22 2 m 21 22 2 m2 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 0p p . . . p q q . . . qk1 k 2 k m k1 k 2 k mk k
be a double tableau. This means that m G m G ??? G m are nonnega-1 2 k
tive integers, and that p and q are integers.i j i j
 .One associates to T an element w T of R in the following way.Ä
 < .If T s p p . . . p q q . . . q is a row tableau then1 2 m 1 2 m
s
w T s y1 x ( x x ( x ??? x ( x . .  .  .  .  .Ä  p q p q p q1 s 1. 2 s 2. m s m .
 .sHere s runs over all permutations of the symmetric group S , and y1m
 .  ..stands for the sign of the permutation s . Note that w T s det x ( xÄ p qi j
where 1 F i, j F m. In addition, if p s p or q s q for some i / j theni j i j
 . 1. 2. k .w T s 0. If T , T , . . . , T are the rows of the double tableau T thenÄ
 .  1..  2..  k ..w T s w T w T ??? w T .Ä Ä Ä Ä
 .The double tableau 1 is doubly standard if the inequalities
p - p - ??? - p , q - q - ??? - q ,i1 i2 im i1 i2 imi i
p F q , q F pi j i j i j iq1, j
hold for all i and j.
This means that the ordinary tableau
p p . . . p¡ ¦11 12 1m1
q q . . . q11 12 1m1
p p . . . p21 22 2 m2
q q . . . q21 22 2 m2. . . . . . . . . . . . . . . . . .
p p . . . pk1 k 2 k m k¢ §q q . . . qk1 k 2 k m k
is standard. In other words its entries increase along the rows, and do not
decrease along the columns.
w x  .THEOREM 1.1 3, Theorem 5.1 . The polynomials w T where T runs o¨erÄ
 .all doubly standard tableaux 1 such that m F n form a basis of the ¨ector1
space R.
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 .We need some more relations among the polynomials w T . LetÄ
<T s p . . . p r . . . r r . . . r q . . . q .1 s 1 k kq1 nq1 1 ky1
be a row, and let n s s q k. Denote
sÄ <T s y1 w p . . . p r . . . r r . . . r q . . . q , . Ä  . 1 s s 1. s k . s kq1. s nq1. 1 ky1
 .  .where the summation is over all s g S such that s 1 - ??? - s k ,nq1
 .  . kand s k q 1 - ??? - s n q 1 . Denote S as the set of these permu-nq1
tations.
Äw xLEMMA 1.2 3, Lemma 5.2 . T s 0 in R.
w xLEMMA 1.3 19, Lemma 1.9 . Let
s . . . s s . . . s q . . . q r . . . r1 k kq1 n 1 ky1 kq1 nq1T s  /r . . . r q . . . q t . . . t t . . . t1 k kq1 m 1 ky1 k m
be a double tableau. Then the equality
sy1 w . Ä
s . . . s s . . . s q . . . q r . . . r1 k kq1 n 1 ky1 s kq1. s nq1.
= r . . . r q . . . q t . . . t t . . . t /s 1. s k . kq1 m 1 ky1 k m
s a w T .Ä l l
holds in R. Here the left hand sum is o¨er all s g Sk , 1 F k F m F n, andnq1
the right hand sum is o¨er some finite set of double tableaux T whose firstl
 < .rows are of the form . . . r . . . r .1 nq1
1.3. The Lie Algebra sl2
 .Let R, S be a pair ``an associative algebra}a Lie algebra,'' and let E
be an extension of the base field K. Denote R s R m E, and S s S mE K E K
 w x.  .E. It is known see, e.g., 9, Sect. 0.2 that the pair of E-algebras R , SE E
satisfies the same weak identities with coefficients from K as the pair of
 .  .  .K-algebras R, S does. Moreover, T R , S s T R, S m E. We shallE E K
see that all varieties which we consider can be determined by their
identities with coefficients lying in the minimal subfield of K. Therefore
we can assume that the field K is algebraically closed.
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Hence the matrices
’ ’y 1 0 0 y 11 0 0 y1, , , /  /0 1 1 0 /  /’ ’0 y y 1 y 1 0
form a basis of the vector space M . Denote these matrices as e , e , e ,2 0 1 2
and e , respectively. Then e , e , and e form a basis of sl .3 1 2 3 2
 .2  2 2 2 .But x e q x e q x e s y x q x q x e . Then the pair11 1 12 2 13 3 11 12 13 0
 . w 2 xM , sl satisfies the weak identity x , y s 0, and its linearization2 2
w xx( y, z s 0. Since char K / 2 the last two identities are equivalent.
Therefore one can define a nondegenerate symmetric bilinear form on
 .sl setting a, b s a( b, a, b g sl , and identifying the space Ke with the2 2 0
field K.
2. THE STRUCTURE OF THE RELATIVELY
FREE ALGEBRA
Let U be the ideal of the weak Lie identities in the free associative
 .algebra A X generated by the polynomial
w xx ( x , x . 2 .1 2 3
 .  .Set F X s A X rU the corresponding relatively free algebra.
 .  .sDenote St x , . . . , x s  y1 x ??? x as the standard polyno-n 1 n s 1. s n.
mial of degree n where s runs over all permutations of the symmetric
group S .n
LEMMA 2.1. The following identities are weak Lie consequences of the
 .identity 2 ,
w x w xx , x ( x s x ( x , x 3 .1 2 3 1 2 3
w xx , x ( x s y x x x y x x x 4 .  .1 2 3 1 3 2 2 3 1
w x3 x , x ( x s St x , x , x 5 .  .1 2 3 3 1 2 3
w x w x w xx , x ( x x s x , x x ( x y x , x x ( x .  . .1 2 3 4 1 2 3 4 1 3 2 4
w xq x , x x ( x 6 .  .2 3 1 4
< w x w xw 1 2 3 4 5 6 s y 1r4 x , x ( x x , x ( x . 7 .  .  . .  .Ä 1 2 3 4 5 6
 .  . w xProof. The validity of the identities 3 and 6 is obtained in 16, p. 57 ,
 . w  .xand that of 4 in 8, Identity 4 .
 .  .In order to prove 5 one uses 3 ,
w x w x w x w xx , x ( x s y x , x ( x s x ( x , x s x , x ( x . 8 .1 2 3 2 1 3 2 3 1 3 1 2
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 .According to 4 one obtains that
w x w x w x2 x , x ( x s x , x ( x q x , x ( x1 2 3 1 2 3 3 1 2
s yx x x q x x x y x x x q x x x .1 3 2 2 3 1 3 2 1 1 2 3
 .Therefore, again by 4
w x w xSt x , x , x y 2 x , x ( x s x x x y x x x s x , x ( x . .3 1 2 3 1 2 3 3 1 2 2 1 3 2 3 1
w x w x w x  .Since x , x ( x s x ( x , x s x , x ( x then St x , x , x s2 3 1 1 2 3 1 2 3 3 1 2 3
w x  .3 x , x ( x . This proves 5 .1 2 3
w x  .Replacing x with x , x in 3 we see that3 3 4
w x w x w x w xx , x ( x , x s x ( x , x , x s x ( x , x , x .1 2 3 4 1 2 3 4 1 4 3 2
The identity
w xx , y , z s 4 y( z ( x y 4 x( z ( y 9 .  .  .
 .  .holds for all element is x, y, z g A X . Since x( y is central in F X we
 .  .  .obtain that the equality x( y ( z s x( y z holds in F X , and therefore
 .using 9
w x w xx , x ( x , x s 4 x ( x ( x ( x y x ( x ( x .  . .1 2 3 4 1 3 2 4 4 2 3
s 4 x ( x ( x x y x ( x x .  . . .1 3 2 4 4 2 3
s 4 x ( x x ( x y 4 x ( x x ( x . 10 .  .  .  .  .1 4 3 2 1 3 2 4
w x  .Finally since x , x ( x lies in the centre of the algebra F X , using1 2 3
 .8 , we obtain that
w x w x w x w xx , x ( x x , x ( x s x ( x , x x ( x , x .  .  .  .1 2 3 4 5 6 1 2 3 4 5 6
w x w xs x x ( x , x ( x , x . .4 1 2 3 5 6
w x w xs x , x ( x x ( x , x . . .1 2 3 4 5 6
 . w x .Applying 6 to the expression x , x ( x x we have that1 2 3 4
w x w xx , x ( x x ( x , x by 6 . . . .1 2 3 4 5 6
w x w x w x w xs x ( x x , x ( x , x y x ( x x , x ( x , x .  . .  .3 4 1 2 5 6 2 4 1 3 5 6
w x w xq x ( x x , x ( x , x by 2 .  . . .1 4 2 3 5 6
w x w x w x w xs x ( x x , x ( x , x y x ( x x , x ( x , x .  . .  .3 4 1 2 5 6 2 4 1 3 5 6
w x w xq x ( x x , x ( x , x by 10 .  . . .1 4 2 3 5 6
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s 4 x ( x x ( x x ( x y x ( x x ( x x ( x .  .  .  .  .  . 3 4 1 6 2 5 3 4 1 5 2 6
y x ( x x ( x x ( x .  .  .2 4 1 6 3 5
q x ( x x ( x x ( x q x ( x x ( x x ( x .  .  .  .  .  .2 4 1 5 3 6 1 4 2 6 3 5
y x ( x x ( x x ( x .  .  . .1 4 2 5 3 6
s
<sy4 y1 x ( x x ( x x ( x sy4w 1 2 3 4 5 6 , .  .  .  .  .Ä 1 s 4. 2 s 5. 3 s 6.
where s runs over all permutations of the symbols 4, 5, 6. This proves the
 .weak identity 7 .
w x  .LEMMA 2.2 15, Lemma 6.14 . The algebra F X is spanned by the
elements of the following four types.
 .  . .  .I x ( x x ( x ??? x ( xi j i j i j1 1 2 2 m m
 .  . .  .II x x ( x x ( x ??? x ( xi i j i j i j1 1 2 2 m m
 . w x . .  .III x , x x ( x x ( x ??? x ( xi j i j i j i j1 1 2 2 m m
 . w x . . .  .IV x , x ( x x ( x x ( x ??? x ( x .i j k i j i j i j1 1 2 2 m m
DEFINITION. These elements are called elements of first, second, third,
and fourth type, respectively.
w x  .Remark. Note that the polynomial x , x ( x g F X is skew-sym-1 2 3
 .metric in x , x , x . If char K / 3 then modulo the weak Lie identity 21 2 3
 .this polynomial is equivalent to the standard polynomial St x , x , x3 1 2 3
 . w xconsidered as weak identities in F X . We prefer working with x , x ( x1 2 3
instead of St in order to unify the considerations.3
 .  .Now let us consider the double tableau 1 . If all entries in 1 are
positive integers we call it simply a tableau.
 .DEFINITION. i If p s 0, and all other entries are positive integers11
 .then 1 is called a 0-tableau.
 .ii When m G 2, and p s y1, p s 0, and all other entries are1 11 12
 .positive integers then 1 is called a 1-tableau.
 .iii Finally when m G 3, and p s y2, p s y1, p s 0, and all1 11 12 13
 .other entries are positive integers then 1 is called a 2-tableau.
 .  .We associate a polynomial w T g F X to each tableau and each
i-tableau T , i s 0, 1, 2, in the following way.
 .  < .DEFINITION. i Let T s i i . . . i j j . . . j be a tableau consist-1 2 m 1 2 m
 .  .ing of a single row. Then we set w T s w T .Ä
 .  < .ii If T s 0 i . . . i j j . . . j is a 0-tableau we set2 m 1 2 m
s
w T s y1 x x ( x ??? x ( x , .  .  .  . j i j i js 1. 2 s 2. m s m .
where s runs over all permutations of S .m
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 .  < .iii If T s y1 0 i . . . i j j j . . . j is a 1-tableau and m s 2,3 m 1 2 3 m
 .  .w xwe define w T s y 1r4 x , x .j j1 2
When m G 3 we set
s w xw T s y 1r4 y1 x x , x ( x x ( x ??? .  .  .  .  .i j j j i j3 s 1. s 2. s 3. 4 s 4.
sgSm
x ( x . .i jm s m .
 .  < .iv If T s y2 y1 0 i . . . i j j j j . . . j is a 2-tableau we4 m 1 2 3 4 m
define
s w xw T s y 1r4 y1 x , x ( x x ( x ??? .  .  .  .  .j j j i js 1. s 2. s 3. 4 s 4.
sgSm
x ( x . .i jm s m .
Finally if T is some tableau or i-tableau, i s 0, 1, 2 with rows
T 1., T 2., . . . , T k . we define
w T s w T 1. w T 2. ??? w T k . s w T 1. w T 2. ??? w T k . . .  .  .  .  .  .  .Ä Ä
LEMMA 2.3. Let T be some i-tableau, i s 0, 1, 2. Then
 .  .  .i x (w T s w T if i s 0;Ä0
 . w x  .  .ii x , x (w T s w T if i s 1;Äy1 0
 . w x .  .  .iii x , x ( x (w T s w T if i s 2.Äy2 y1 0
Proof. The proof follows immediately from the weak identities in
 .  .Lemma 2.1, and from the definition of the polynomials w T and w T .Ä
 .PROPOSITION 2.4. If T is a tableau or some i-tableau, i s 0, 1, 2 of the
 .  .  .form 1 with m G 4 then w T s 0 in F X .1
Proof. It is sufficient to prove the proposition in the case m s 4 and1
m s 0 only.2
 < .Let T s 1 2 3 4 5 6 7 8 . We shall write y , y , y , y , instead of1 2 3 4
 .x , x , x , x , respectively. Then according to 7 we have that5 6 7 8
s
w T s y1 x ( y x ( y x ( y x ( y .  .  .  .  .  . 1 s 1. 2 s 2. 3 s 3. 4 s 4.
sgS4
s w x w xs y 1r4 y1 x ( x , x y ( y , y x ( y .  .  . .  . 1 2 3 s 1. s 2. s 3. 4 s 4.
s w x w xs y 1r4 y1 x x ( x , x ( y y ( y , y .  .  . .  .  .4 1 2 3 s 4. s 1. s 2. s 3.
w x  .since the elements x( y, z are central in F X .
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 .On the other hand according to 6 we obtain that
s w xy1 y y ( y , y .  .  .s 4. s 1. s 2. s 3.
s w xs y1 y , y y ( y .  . s 1. s 2. s 3. s 4.
w x w xy y , y y ( y q y , y y ( y s 0 .  . .s 1. s 3. s 2. s 4. s 2. s 3. s 1. s 4.
since each of the tree expressions in the last sum vanishes when s runs
over all permutations of S .4
 < .Now let T s 0 2 3 4 5 6 7 8 be a 0-tableau. Then
s
w T s y1 y x ( y x ( y x ( y .  .  .  .  . s 1. 2 s 2. 3 s 3. 4 s 4.
sgS4
s w x w xs y 1r4 y1 x ( x , x y y ( y , y , .  .  .  .  .2 3 4 s 4. s 1. s 2. s 3.
w x  .since the element x ( x , x lies in the centre of the algebra F X .2 3 4
Therefore we can proceed as in the previous case.
 < .Let T s y1 0 3 4 5 6 7 8 be a 1-tableau. Then
s w xw T s y1 x y , y ( y x ( y .  .  . . 3 s 1. s 2. s 3. 4 s 4.
sgS4
s w xs y 1r4 y1 x x ( y y ( y , y , .  .  .  . /3 4 s 4. s 1. s 2. s 3.
and we can proceed as in the previous two cases.
 < .Finally assume that T s y2 y1 0 4 5 6 7 8 is a 2-tableau. But
s w xw T s y 1r4 y1 y , y ( y x ( y , .  .  .  . . s 1. s 2. s 3. 4 s 4.
sgS4
w x  .and the element y , y ( y is central in F X . Hence we cans 1. s 2. s 3.
continue as in the above cases.
This completes the proof of the proposition.
 .  .DEFINITION. Let T be the double tableau i-tableau 1 . Then T is
called admissible if it is doubly standard, and m F 3.1
Denote Adm as the set of all admissible tableaux and i-tableaux,
i s 0, 1, 2.
 .  .  .Set sp , j s 1, 2, 3, 4, the spans of the elements of types I , II , III ,j
 .IV , respectively.
w xLEMMA 2.5 3, Theorem 5.1 . The polynomials
w T T g Adm is a tableau 4 .
form a basis of the ¨ector space sp .1
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w xLEMMA 2.6 18, Proposition 2.1 . The polynomials
w T T g Adm is a 1-tableau 4 .
form a basis of the ¨ector space sp .3
LEMMA 2.7. The polynomials
w T T g Adm is a 0-tableau , w T g Adm is a 2-tableau 4  4 .  .
form bases of the ¨ector spaces sp and sp , respecti¨ ely.2 4
 .  .   . .Proof. Every element u g F X of type II and IV , respectively is a
 .linear combination of the form u s a w T where T are 0-tableauxi i i
 .2-tableaux, respectively .
 < .If T is such a tableau and p p ??? p q q ??? q is a row of Ti 1 2 m 1 2 m i
then we may assume that p - p - ??? - p and q - q - ??? - q .1 2 m 1 2 m
Furthermore according to Proposition 2.4 we may suppose that m F 3.
 .  .Let T be a tableau of the form 1 . Denote d T as the contents of T.
 .  .Thus d T stands for the sequence d , d , d , d , d , . . . where d isy2 y1 0 1 2 i
the number of the entries of T equal to i, i G y2.
 .Set N as the collection of all tableaux 1 of contents d, and such thatd
m F 3. Finally, denote1
m T s m , m , . . . , m , .  .1 2 k
p T s p , p , . . . , p , q , q , . . . , q , p , . . . , q .  .11 12 1m 11 12 1m 21 k m1 1 k
 .for every tableau 1 .
We define an ordering on the set Adm in the following way. Let
 .  .  .T , T g Adm. Then T ) T if m T ) m T lexicographically, or m T1 2 1 2 1 2 1
 .  .  .s m T but p T - p T in the lexicographical ordering.2 1 2
Let T g N be a tableau. We shall prove that if T is not standard thend
w T s b w T , b g K 11 .  .  . l l l
 .in F X where T g N and T ) T for all l. Note that the set N is finite.l d l d
 .  .In addition, if T , T g N , m T s m T , and T is standard then1 2 d 1 2 1
 .T ) T or T s T . Therefore the assertion 11 yields the lemma.1 2 1 2
Let T g N be a nonstandard i-tableau, i s 0 or 2. Assume first thatd
p ) q for some u and j, and rewrite the elements in the uth row of Tu j u j
as
<Q s q . . . q p . . . p p . . . p q . . . q . .1 jy1 jq1 mq1 1 j jq1 m
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Then q - ??? - q - p - ??? - p , p - ??? - p - q - ???1 jy1 jq1 mq1 1 j jq1
- q , and p ) p . If the row Q is not the first row of T then we applym jq1 j
 .Lemma 1.2 in order to obtain the expression 11 . All tableaux T in itl
differ from T in their uth rows only. In addition, the uth rows of these Tl
are larger than the uth row of T in the ordering on the set N definedd
above.
Now let Q be the first row of the 0-tableau T. Then we use Lemma 2.3,
 .  . and apply Lemma 1.2 to w Q s x (w Q . Note that an alternative proofÄ 0
wmay be obtained by repeating verbatim the argument given in 3, Lemma
x .  .  X. X X5.2 . Thus w Q is a sum of polynomials w Q , and Q ) Q for all Q . If
Q is the first row of some 2-tableau T then obviously p - q , j s 1, 2, 3.1 j 1 j
Finally let the violation of the standardness of T be of the form
q ) p for some u and j. We rewrite the elements of the uth and theu j uq1, j
 .u q 1 st rows of T in the following way,
s . . . s s . . . s q . . . q r . . . r1 j jq1 n 1 jy1 jq1 nq1
Q s ,r . . . r q . . . q t . . . t t . . . t /1 j jq1 m 1 jy1 jq1 mq1
where r - ??? - r - q - ??? - q , q - ??? - q - r - ??? -1 j jq1 m 1 jy1 jq1
r , and r ) r . Of course we may assume that s - ??? - s , andnq1 jq1 j 1 n
t - ??? - t .1 mq1
If u ) 1 we apply Lemma 1.3. When n s 3, Proposition 2.4 yields that
 .  .the polynomials w T from Lemma 1.3 vanish on the algebra F X .Ä l
Therefore let u ) 1 and n F 2. Then applying Lemma 1.3 to Q we can
 .  X.  .express w Q as a linear combination of polynomials w Q and w Q .l
Here the uth rows of QX and of Q are of the formsl
< <s . . . s q . . . q r . . . r and . . . r . . . r , . .1 n 1 jy1 s  jq1. s nq1. 1 nq1
j  X.  .  X.  .respectively, where s g S . Therefore m Q s m Q but p Q - p Q ,nq1
 .  . Xand m Q ) m Q . Thus Q ) Q and Q ) Q. It follows that we have tol l
 .consider the case when the u y 1 st row of T is of a length 2n. In this
 .case we change the positions of the uth and the u y 1 st rows of the
tableaux obtained from T , and again we obtain a tableau T X such that
 X.  . Xm T ) m T , i.e., T ) T.
The only case that has to be considered is when u s 1. This case is dealt
 .  .with as the case u ) 1 using Lemma 2.3 i and iii .
 .  .Finally, according to Theorem 1.1 and Lemma 2.3 i , and iii the
polynomials considered in the lemma are linearly independent.
This completes the proof of the lemma.
  . < 4LEMMA 2.8. The polynomials w T T g Adm are linearly independent
 .in F X .
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Proof. In view of Theorem 1.1, and Lemmas 2.3, 2.5, 2.6, and 2.7 it is
 4sufficient to prove that sp l sp s 0 when i / j. The spaces sp and spi j 1 3
consist of polynomials of even degrees, and sp and sp consist of2 4
polynomials of odd degrees. Since the field K is infinite then sp l sp s1 2
 4  4  4  40 , sp l sp s 0 , and sp l sp s 0 , sp l sp s 0 .1 4 3 2 3 4
Assume that f g sp , i s 1, 2, 3, 4 are polynomials depending on thei i
variables x , x , . . . , x .5 6 k
 . w  .xLet f q f s 0. Then x ( f q f s 0, and x , x ( f q f s 0. Ac-1 3 s 1 3 r s 1 3
 .cording to Lemmas 2.5 and 2.6 we have that f s a w T , and f s1 i i 3
 .b w Q where T g Adm are tableaux, and Q g Adm are 1-tableaux.j j i j
 .  .Then x ( f lies in the centre of F X . The polynomials w T also lie ins 3 i
 .  .  .the centre of the algebra F X and w T s w T . ThereforeÄi 1
w x w xx , x ( f q f s x , x ( f s x , x ( f .r s 1 3 r s 1 r s 1
w xs a x , x (w T s 0 . i r s i
w x w x.  .and a x , x ( x , x w T s 0 for every choice of the variablesi p q r s i
 .x , x , x , x . Note that in accordance with 10 we have thatp q r s
w x w x  .x , x ( x , x s y4w pq N rs .Äp q r s
Let T be the least of the tableaux T such that a / 0.u i u
 .  .  .If m T s 1, . . . , 1 and T is of the form 1 choose p s p , q s p q 1,u 1 1
 .r s q , s s q q 1. If T is of the form 1 and some m ) 1 choose the1 1 u ¨
largest ¨ such that m ) 1. The ¨ th row of T is of the form p¨ u 1m¨
< .p . . . q q . . . . In this case we set p s p , q s p , r s q ,2 m 1m 2 m 1m 2 m 1m¨ ¨ ¨ ¨ ¨ ¨
s s q .2 m¨
w x w x.  .  X. XTherefore x , x ( x , x w T s y4w T where T g Adm is thep q r s u u u
 < .  .tableau obtained from T by insertion of the row p q r s at its ¨ q 1 stu
position. Let T be another tableau, T ) T . Then the polynomialw w u
w x w x.  .x , x ( x , x w T can be straightened, i.e., it can be expressed as ap q r s w
 .linear combination of polynomials w T . Here the tableaux T are stan-z z
dard, and according to the proof of Lemmas 2.5, 2.6, and 2.7, we have that
T ) T ) T X.z w u
 .Thus w T cannot be canceled from our sum. This shows that all au i
equal 0. Then f s 0, and according to Lemma 2.6 we obtain that f s 0.1 3
One can consider the case f q f s 0 in the same manner. This2 4
completes the proof of the lemma.
  . < 4  .THEOREM 2.9. The polynomials w T T g Adm form a basis of F X .
Proof. The assertion follows immediately from Lemmas 2.5, 2.6, 2.7,
and 2.8.
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3. THE WEAK IDENTITIES FOR sl2
THEOREM 3.1. The relati¨ ely free algebra for the ¨ariety of pairs
 .  .var M , sl is isomorphic to the algebra F X .2 2
w xProof. Let K x be the polynomial algebra in the commuting vari-i j
ables x , i s 1, 2, . . . , j s 0, 1, 2, 3. Consider the matrix algebrai j
 w x.  . w xM K x ( M K m K x , and set y s x e q x e q x e q x e .2 i j 2 K i j i i0 0 i1 1 i2 2 i3 3
 .  .We use the notation x e for the element e m x . Denote F M as thei j j j i j 2
 w x.subalgebra of M K x generated by the generic matrices y . It is well2 i j i
 .known that F M is isomorphic to the relatively free algebra in the2
 w x.variety of associative algebras var M see, e.g., 14, Chaps. 1.4 and 4.1 .2
 .  .Denote W M as the subspace of F M consisting of all traceless2 2
matrices. It can be equipped with a nondegenerate symmetric bilinear
form in the following way.
 . If z s y y x e s x e q x e q x e then z , z s y x x qi i i0 0 i1 1 i2 2 i3 3 i j i1 j1
.  .x x q x x . In the sequel we shall use the familiar notation z , z si2 j2 i3 j3 i j
w xz ( z . Denote R as the subalgebra of K x generated by the elementsi j i j
 .a( b, a, b g W M .2
 .  .Finally consider the tensor product FW M s W M m R. It be-2 2 K
comes an algebra by means of the multiplication
e e s ye e s e , e e s ye e s e , e e s ye e s e ,1 2 2 1 3 2 3 3 2 1 3 1 1 3 2
e2 s y1, i s 1, 2, 3.i
 .It is obvious that the algebra FW M is isomorphic to the relatively free2
 .algebra for the variety of pairs var M , sl . We shall prove that on the2 2
 .  .other hand the isomorphism FW M ( F X holds.2
 .  .  .Define a homomorphism f : F X ª FW M setting f x s z . Then2 i i
 .  .f x ( x s z ( z . If T is the tableau 1 then we have thati j i j
w T s w T s D D ??? D . .  .Ä 1 2 k
 .Here D is the determinant of order m whose i, j th entry equalsl l
 .  .  .x ( x . According to Proposition 2.4 if w T s w T / 0 in F X thenÄp l qli j
 .  .   ..m F 3. Therefore if w T / 0 in F X then f w T / 0.Ä Ä1
 .If T is the 0-tableau 1 then we apply the above procedure to the
 .  .polynomial w T s x (w T . Analogously using Lemma 2.3 we deal withÄ 0
the cases when T is some 1- or 2-tableau.
w xOn the other hand according to 3, Theorem 5.1 we can assume that the
elements x g X are three dimensional vectors whose coordinates arei
commuting indeterminates. Thus using the above determinantal expression
 .  .of w T where T is a tableau we obtain that the polynomials w T and
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  ..f w T are the same. In addition the polynomial algebras over K are
isomorphic if and only if the cardinalities of the sets of their indetermi-
nates are equal. This shows that f is injective on sp . Analogously one1
deals with the case when T is a 0-, 1-, and 2-tableau.
Thus according to Theorem 2.9 we obtain that ker f s 0. Since dim sl2
 .s 3 every polynomial in FW M that is skew-symmetric in any four2
variables must vanish. Therefore f is a surjection, and hence f is an
isomorphism.
We can restate Theorem 3.1 in the following way.
THEOREM 3.2. Let K be an infinite field and let char K / 2. Then all
 .  .weak Lie identities for the pair M , sl follow from the identity 12 2
w xx( y , z s 0.
 .COROLLARY 3.3. The centre of the relati¨ ely free algebra F X for the
 .¨ariety of pairs M , sl coincides with the space sp q sp .2 2 1 4
  ..  .Proof. Let Z s Z F X be the centre of F X . Then sp q sp : Z.1 4
 .Assume that f s f x , x , . . . , x s f q f q f q f g Z where f g1 2 n 1 2 3 4 i
w x w xsp , i s 1, 2, 3, 4. Then x , f s x , f q f s 0 since f , f g Z.i nq1 nq1 2 3 1 4
Make the substitution x s ¨ , ¨ g sl . Thus we obtain thati i i 2
¨ , f ¨ , ¨ , . . . , ¨ s 0 .nq1 1 2 n
and
¨ , f ¨ , ¨ , . . . , ¨ q f ¨ , ¨ , . . . , ¨ s 0. .  .nq1 2 1 2 n 3 1 2 n
 .  . wNote that f ¨ , ¨ , . . . , ¨ and f ¨ , ¨ , . . . , ¨ lie in sl . Hence x ,2 1 2 n 3 1 2 n 2 nq1
x  .f q f s 0 is a weak identity for the pair M , sl , and the element2 3 2 2
 .  .f ¨ , ¨ , . . . , ¨ q f ¨ , ¨ , . . . , ¨ lies in the centre of sl . But char K / 22 1 2 n 3 1 2 n 2
 .therefore Z sl s 0, and f q f s 0 is a weak identity for the pair2 2 3
 .  .  .M , sl . Theorem 3.1 yields that f q f s 0 in F X ( FW M . Thus2 2 2 3 2
we showed that Z : sp q sp , and this completes the proof of the1 4
corollary.
ACKNOWLEDGMENTS
I express my thanks to Vesselin Drensky for suggesting the problem, and for useful
discussions. Thanks are due to the referee for the valuable remarks.
WEAK POLYNOMIAL IDENTITIES 625
REFERENCES
  ..1. I. I. Benedictovich, Multilinear identities for the pair K , sl K over a field of2 2
 . wcharacteristic two, Iz¨. Akad. Nauk BSSR Ser. Fiz.-Mat. Nauk 2 1991 , 100]101. In
xRussian
  ..2. A. G. Buraukin and I. B. Valichenka, Polylinear identities of the pair K , sl K andÏ Á 2 2
identities with symplectic involution of the algebra K over a field K of odd characteris-2
 . w xtic, Vestsi Akad. Na¨uk BSSR Ser. Fiz.-Mat. Na¨uk 4 1989 , 11]16. In Bielorussian
3. C. De Concini and C. Procesi, A characteristic free approach to invariant theory, Ad¨.
 .Math. 21, No. 3 1976 , 330]354.
4. P. Doubõlet, G.-C. Rota, and J. Stein, On the foundations of combinatorial theory, Stud.Â
 .Appl. Math. 3, No. 9 1974 , 185]216.
5. V. S. Drensky, A minimal basis for the identities of a second-order matrix algebra over a
 .field of characteristic 0, Algebra i Logika 20, No. 3 1981 , 282]290; English translation,
 .Algebra and Logic 20 1981 , 188]194.
6. V. S. Drensky, Polynomial identities for the Jordan algebra of a symmetric bilinear form,
 .J. Algebra 108 1987 , 66]87.
7. V. S. Drensky, Identities of representations of nilpotent Lie algebras, preprint, 1996.
8. V. S. Drensky and P. E. Koshlukov, Weak polynomial identities for a vector space with a
symmetric bilinear form, in ``Math. and Math. Education,'' pp. 213]219, Proc. 16th Spring
Conf., Union of Bulg. Math., Bulg. Acad. Sci., Sofia, 1987.
9. V. S. Drensky and P. E. Koshlukov, Polynomial identities for Jordan algebras of degree
 .two, J. Indian Math. Soc. 55 1990 , 1]30.
 .10. V. T. Fillipov, On the varieties of Mal'tcev algebras, Algebra i Logika 20 1981 , 300]314;
 .English translation, Algebra and Logic 20 1981 .
11. A. V. Il'tyakov, Specht ideals of identities of certain simple nonassociative algebras,
 .Algebra i Logika 24, No. 3 1985 , 327]351; English translation, Algebra and Logic 24
 .1985 , 210]228.
12. V. N. Latyshev, Partially ordered sets and non-matrix identities of associative algebras,
 .  .Algebra i Logika 15, No. 1 1976 , 53]70; English translation, Algebra and Logic 15 1976 .
13. W. Ma and M. L. Racine, Minimal identities of symmetric matrices, Trans. Amer. Math.
 .Soc. 320 1990 , 171]192.
14. C. Procesi, ``Rings with Polynomial Identities,'' Dekker, New York, 1973.
15. Yu. P. Razmyslov, The existence of a finite basis for the identities of the matrix algebra
 .of order two over a field of characteristic zero, Algebra i Logika 12, No. 1 1973 , 83]113;
 .English translation, Algebra and Logic 12 1973 , 47]63.
16. Yu. P. Razmyslov, ``Identities of Algebras and Their Representations,'' Nauka, Moscow,
w x1989 In Russian ; English translation ``Translations of Math. Monographs,'' Vol. 138,
Amer. Math. Soc., Providence, RI, 1991.
17. M. R. Vaughan-Lee, ``Varieties of Lie Algebras,'' Ph.D. Thesis, Oxford, 1970.
18. S. Yu. Vasilovskii, A basis of the identities of the simple three dimensional Lie algebra
 .over an infinite field, Algebra i Logika 28, No. 5 1989 , 534]554; English translation;
 .Algebra and Logic 28 1989 .
19. S. Yu. Vasilovskii, The basis of identities for Jordan algebras of bilinear form, in ``Proc.
of the Inst. of Math.,'' Vol. 16, pp. 5]37, Siberian Branch of the Russian Acad. Sci.,
w x  .Novosibirsk, 1987 In Russian : English Translation Siberian Ad¨ . Math. 1 No. 4 1991 ,
1]43.
20. K. A. Zhevlakov, A. M. Slinko, I. P. Shestakov, and A. I. Shirshov, ``Rings that Are Nearly
w xAssociative,'' Nauka, Moscow, 1978 In Russian ; English translation, Academic Press,
New York, 1982.
